We investigate the inflationary expansion of the universe induced by higher curvature corrections in M-theory. The inflationary evolution of the geometry is discussed in ref.
Introduction
Recent remarkable progress on astrophysical observations enables us to reveal the evolution of our universe [2, 3, 4] . Particularly these results support the inflationary scenario, in which the universe exponentially expands before the Big Bang [5, 6, 7, 8] . There are a lot of models in which the inflation is caused by introducing a scalar field named inflaton field. The inflaton field slowly rolls down its potential and the vacuum geometry becomes de-Sitter like [9] - [13] (see also [14] - [18] and references there). Among a lot of inflationary models, superstring theory is a good candidate for the inflation scenario since it possesses many scalar fields after the compactification. Positions of D-branes are also described by scalar fields, and it is possible to identify one of these with the inflation field [19] - [24] (see also [25] and references there).
Besides the inflaton field, there are a lot of models in which the inflation is realized by modifying the gravity theory [5, 26, 27, 28, 29] . Especially, the predictions of the Starobinsky model [5] , which contains curvature squared term in the action, are good agreement with the observations. In fact, it predicts scalar spectral index n s = 0.967 and tensor to scalar ratio r = 0.003 when the number of e-folds is 60. Since the curvature squared term in the Starobinsky model is considered as the quantum effect of the gravity, it is natural to ask the origin of the quantum effect in more fundamental theory, such as the superstring theory or M-theory. Actually heterotic superstring theory contains Gauss-Bonnet term, and type II superstring theories or M-theory contain quartic terms of the Riemann tensor [30] - [35] .
As examples, a study of the inflationary solutions in the heterotic superstring theory was done in ref. [36] , and studies of the inflationary solutions in the M-theory were executed in refs. [37, 38, 39, 40, 1] .
In ref. [1] , we investigated the effect of leading curvature corrections in M-theory with respect to the homogeneous and isotropic geometry. There we found that such corrections induce exponentially rapid expansion at early universe. Furthermore the inflation naturally ends when the corrections are negligible compared to leading supergravity part. Since the higher derivative corrections are universal in the superstring theory or the M-theory, the above is a promising scenario to explain the origin of the inflation. Therefore it is important to evaluate scalar spectral index and tensor to scalar ratio in the presence of the higher curvature corrections. In this paper we propose a method to evaluate the scalar spectral index n s in the presence of higher derivative corrections. And we show that n s is close to 1, if the power spectrum is constant at the beginning of the universe.
The organization of this paper is as follows. In section 2, we briefly review the inflationary scenario discussed in ref. [1] . In section 3, first we consider perturbations around the background metric, and examine their infinitesimal variations under the general coordinate transformation. Next we derive linearized equations of motion for the perturbations. Then we concentrate on the scalar perturbations and reduce their equations of motion by removing auxiliary fields. In section 4, we derive the second order effective action with respect to the scalar perturbations. And we rederive the equations of motion for the scalar perturbations obtained in section 3. In section 5, we solve the equations of motion perturbatively and obtain explicit form of the curvature perturbation. Finally we evaluate the power spectrum of the curvature perturbation and calculate the scalar spectral index, which becomes close to 1. Supplementary equations are listed in appendix A 1 .
Review of Inflationary Solution in M-theory
In this section, we briefly review the inflationary solution in M-theory [1] . The effective action for the M-theory consists of supergravity part and higher derivative corrections. Although the complete form of the higher derivative corrections is not known, we have control over leading curvature corrections. Thus we truncate the effective action up to the leading higher curvature terms, which is written as [34, 35] 
where a, b, c, · · · g, h are local Lorentz indices and W abcd is Weyl tensor. There are two parameters, gravitational constant 2κ 2 11 and expansion coefficient Γ, in the effective action. These are expressed in terms of 11 dimensional Planck length ℓ p as
By varying the effective action (1), we obtain following equations of motion [41] .
Here D a is a covariant derivative with respect to the local Lorentz index. The tensor Y abcd in the above is defined as
and the tensor X abcd is given by
Note that Y c acb = 0. Below we solve the equations of motion (3) up to the linear order of Γ. We assume that the 11 dimensional coordinates X µ are divided into 4 dimensional spacetime (t, x i ) and 7 internal directions y m , where i = 1, 2, 3 and m = 4, · · · , 10. The ansatz for the metric is given by
a(t) and b(t) are scale factors of 3 dimensions and 7 internal ones, respectively. Now we define Hubble parameter H(t) =ȧ (t) a(t) and similar one G(t) =˙b (t) b(t) . Then the equation (3) is expressed in terms of H(t) and G(t), and the solution up to linear order of Γ is given by
Here τ is dimensionless time coordinate given by
and numerical coefficients c h and c g are expressed as
It is easy to integrate the eq. (7), and log a and log b are solved as
From this we see that a(τ ) is rapidly expanding and b(τ ) is rapidly deflating during 1 ≤ τ ≤ 2.
a E or b E are integral constants and correspond to scale factors just after the inflation or the deflation. After τ = 2, the higher derivative corrections are suppressed and the scale factors behave like
The behavior of a 0 is similar to radiation dominated era.
The motivation for the inflation is to resolve the horizon problem. This requires that the particle horizon dt a(t) during the inflationary era is almost equal to that after the radiation dominated era. The particle horizon during the inflationary era is given by
On the other hand, if we simply apply the eq. (11) for the scale factor after τ = 2, the particle horizon during this era is evaluated like
where τ 0 is the value at current time t 0 . Now we define the e-folding number as N e = log a(τ 0 ) a (2) . This means that τ 0 = 2e
Ne . By equating the eq. (12) with the eq. (13), we obtain Ne .
This gives a relation between ΓH 6 I and N e , and we obtain ΓH 6 I ∼ 0.014 for N e = 69, for example 2 .
Scalar Perturbations around the Background Geometry
Perturbations around homogeneous and isotropic universe are important directions to sort out inflationary models via observations. In this section, first we consider general metric perturbations around the background metric (6) , and examine infinitesimal variations of perturbations under general coordinate transformation. Next we derive linearized equations of motion for the perturbations. Finally we focus on scalar perturbations and simplify their equations of motion by removing auxiliary fields. Main results are given by eqs. (43) and (46) [42] .
Metric Perturbations and General Coordinate Transformation
Let us consider perturbations around the background geometry (6) . We choose the metric with perturbations as follows.
where i, j = 1, 2, 3 and m, n = 4, · · · , 10. α(X), β i (X) and h ij (X) are perturbations for the 4 dimensional spacetime, and h mn (X) is that of the internal space. β m (X) and h im (X) are off-diagonal perturbations between 4 dimensional spacetime and the internal space. As usual, we decompose vectors and tensors as
Here hatted vectors are divergenceless, and hatted tensors are divergenceless and traceless.
Note thatĥ im has 12 independent components. ψ is the curvature perturbation whose power spectrum is important to sort out models via observations.
The general coordinate transformation is given by X ′µ = X µ + ξ µ (X). Again ξ i and ξ m are decomposed into ξ i =ξ i + ∂ i ξ and ξ m =ξ m + ∂ mξ , respectively. Then the scalar perturbations transform as
and vector perturbations do aŝ
Tensor perturbations do not transform under the general coordinate transformation.
Equations of Motion for Metric Perturbations
Let us derive linearized equations of motion for the metric perturbations. This is simply done by varying the eq. (3). First of all, variation of Y abcd is evaluated as
and variation of X abcd is given by
where δω a b c ≡ e µ a δω µ b c . Combining the above results, we see that the variation of the eq. (3) is evaluated as
Equations of Motion for Scalar Perturbations
In this subsection, we restrict the metric perturbations to the scalar perturbations. So the metric is chosen as
If we choose some gauge, the above metric is equivalent to the vielbein of the form
up to the linear order of the perturbations. Here e a µ is the background vielbein and δe a µ linearly depends on the scalar perturbations.
Now we define following quantities.
Consulting the eq. (17), we see that α, χ, Ψ,χ,Ψ are invariant under ξ andξ transformations, and σ is invariant under the general coordinate transformation. By inserting scalar perturbations (24) into eq. (22), and expanding all perturbations by Fourier modes, such as
we obtain following 8 linearized equations with respect toΥ = {α(t, k, l), χ(t, k, l), Ψ(t, k, l),
Here the indices are not contracted. In order to evaluate the above equations we employed Mathematica codes, and portions of results are written as
− 6(3ĠH +G + 7GĠ)Ψ − 6(7G 2 + 3GH + 2Ġ)Ψ − 6GΨ + ΓS 7 (Υ, H, G),
where k 2 = k i k i and l 2 = l m l m . Note that one of these equations is redundant because of D a E ab = 0, so we have 7 independent equations. The explicit forms ofS u (u = 1, · · · , 8) can be found in ref. [42] .
Now we simply set l m = 0, because l 2 b 2 becomes very large after the rapid expansion and such massive modes will decouple. Anyway the full analyses including l i = 0 modes will be discussed elsewhere. When l i = 0, the above 7 independent equations reduce to following 4 equations, which are linear on Υ = {α, χ, Ψ,Ψ}. 
Again the explicit forms of S u (u = 1, 2, 3, 7) can be found in ref. [42] .
Let us solve above equations up to the linear order of Γ expansion, so we expand the perturbation Υ as Υ = Υ 0 + ΓΥ 1 . Here the subscript 0 represents the quantity at the leading order, and 1 does one which is linear order of Γ. As will be clear soon, it is useful to define following gauge invariant quantity.
Below we will show that equations of motion for scalar perturbations can be collected into single differential equation with respect to P , after eliminating auxiliary fields α and χ.
First let us consider the equations of motion at the leading order of Γ expansion. From eqs. (36) and (37), α 0 and χ 0 are solved as
Here H 0 and G 0 are leading parts of H and G, respectively, and we used G 0 = −7+
H 2 0 . By inserting the above into the eq. (38) with Γ = 0, we obtain
Note that the eq. (39) is automatically satisfied. So we only need to solve the eq. (43) at the leading order of Γ.
Next let us investigate linear order of Γ expansion. Again, from eqs. (36) and (37), auxiliary fields α and χ are solved up to linear order of Γ as 
at the linear order of Γ. Hereā 1 , which comes from k 2 a 2 P 0 , is defined as
In summary, we have derived the eq. (43) and the eq. (46) for the scalar perturbation P . We will solve these equations up to the linear order of Γ in section 5.
Effective Action for Scalar Perturbations
In the previous section, we derived equations of motion for scalar perturbations, which are expressed by the eq. (43) and the eq. (46). In this section, we consider effective action which is second order with respect to the scalar perturbations. We will reproduce the equations of motion (43) and eq. (46) from this effective action.
First let us substitute the metric (15) into the action (1), and expand it up to the second order with respect to the scalar perturbations. By setting l m = 0, the result is written as where S I (I = α, χ, Ψ,Ψ) represents linear terms with respect to Γ. At least at the leading order, it is straightforward to show that these are equivalent to the equations of motion (36)- (39) . For example, E Ψ is expressed by a combination of E 2 ,Ė 2 and k 2 a 2 E 3 . Thus the effective action (48) is consistent with the results in the previous section.
It is also possible to express the effective action in terms of P 0 and P 1 . First by eliminating auxiliary fields α 0 and χ 0 by using the eq. (41) and the eq. (42), the leading order action S (2,0) pt is written as
It is easy to confirm that the eq. (43) can be derived from this action.
Next let us express S (2) pt in terms of P 0 and P 1 . By eliminating auxiliary fields α and χ by inserting the eq. (44) and the eq. (45) into the action (48), we obtain 
whereb 1 is defined asb
Note thatȧ 1 andḃ 1 are written aṡ
respectively. Then it is possible to check that this action consistently reproduces the equations of motion (43) and (46).
Analyses of Scalar Perturbations
In this section, first we solve the eq. (43), and then do the eq. (46). From these, it is possible to obtain the explicit form of the curvature perturbation ψ and estimate its power spectrum.
Solutions of P 0 and P 1
In order to solve the eq. (43), we introduce new time coordinate η instead of t, which is
is leading part of the scale factor a. Therefore η is considered to be a conformal time after the inflationary expansion. Then η is expressed in terms of τ like
.
(57)
By solving inversely, τ is expressed in terms of η as
and a 0 is given by
(59)
Remind that the inflationary expansion is realized during 1 ≤ τ ≤ 2. Now τ = 1 corresponds to a E H I η = 3+ Hubble parameter H 0 with respect to the time coordinate η is evaluated as
where ′ = d dη . And derivatives of P 0 with respect to t are replaced witḣ
Then by multiplying a 2 0 to the eq. (43), it becomes
where P 0 and U 0 are related as
Now the eq. (62) can be solved as
J 0 and Y 0 are Bessel functions of the first and second kind, respectively. c 1 and c 2 are integral constants and both have mass dimension −1. In order to fix the ratio of c 2 /c 1 , we demand that U 0 behaves like e −ikη as η goes to the infinity. This is reasonable if we assume that the perturbations, such as the eq. (26), are canonically expressed in terms of Fourier modes as η goes to the infinity. Since
and U 0 is given by
where H
0 is Hankel function of the second kind. Next let us solve the differential equation for P 1 . We replace derivatives of P 0 with respect to t by using the eq. (61) and ...
....
Then by multiplying a 2 0 to the eq. (46), it becomes 
In the above, we used
and neglected higher order terms on Γ. The remaining eq. (39) is automatically satisfied. If we rescale P 1 as
we obtain In the last line, we substituted the eq. (60) and the eq. (64). Particular solution of the above is given by
Since the explicit expressions of U 11 and U 12 are quite long, we put them in the appendix A.
The ratio of c 2 c 1 should be fixed by c 2 c 1 = −i as explained around the eq. (65). Thus we have solved the eqs. (43) and (46), and P = P 0 + ΓP 1 is given by 
Curvature perturbation
Let us investigate the curvature perturbation ψ. If we chooseψ = 0 gauge, the curvature perturbation is expressed as ψ = HP . Up to the linear order of Γ expansion, ψ is written as
where η is related to τ via the eq. (57). Now we expand ψ(η, x) as
Then Fourier component of ψ 0 is evaluated as
If we take kη → ∞, ψ 0 (η, k) approaches toc 1 2 πkη e i π 4 e −ikη . Next Fourier component of ψ 1 is calculated as 
Here we used τ 6 = (
Note that ψ 1 decreases faster than ψ 0 as τ goes to the infinity.
Finally the power spectrum of the Fourier mode up to linear order of Γ is expressed as
(78)
Now we assume that the power spectrum was some constant A at the beginning of the universe, τ = 1 or η = 3+
6a E H I , k) = A, and k dependence of |c 1 | is given by 
So far the analyses in this paper is reliable up to the linear order of Γ. Basically we don't have any control over higher order terms, because we have poor knowledge about coefficients of those terms. At best we know that coefficient of those terms behave like (ΓH 6 I ) n , and expect that the n = 1 term in this paper is dominant during the inflationary era. Then the behavior of the power spectrum (78) with log k a E H I = −30 and ΓH 6 I = 0.014 is plotted as in fig. 1 . The shape of the plot does not change so much even if the wave number ranges −40 < log k a E H I < −10. The power spectrum is monotonically decreasing, but its tilt becomes slightly mild after the inflationary era. The behavior of the power spectrum at the horizon crossing k = aH with ΓH 6 I = 0.014 is shown in fig. 2 . If we fit the data between −36 < log k a E H I < −20 in fig. 2 , it is possible to draw a line log P A = −0.062 log k a E H I −3.0, and the spectral index is estimated as n s = 0.94. This is close to the value of current observation, and we should investigate more seriously the era after the inflation. 
Conclusion and Discussion
In this paper we investigated the inflationary scenario in M-theory. In addition to the ordinary supergravity part, the effective action of the M-theory contains higher curvature terms, which are expressed by products of 4 Weyl tensors. In the early universe, H in the eq. (7) is relatively large and nonzero components of the Weyl tensor also become large. So the higher curvature terms become important and those induce the inflationary expansion.
After sufficient expansion, H becomes small and the Weyl tensor does small. Then the higher curvature terms are negligible and inflation naturally ends.
The main purpose of this paper is to explore the scalar perturbations in the above inflationary scenario. Actually, we considered the metric perturbations around the homogeneous and isotropic background, and derived the linearized equations of motion for the scalar per-turbations. Originally there are 4 equations which linearly depend on α, χ, Ψ andΨ, but after eliminating auxiliary fields α and χ, we obtain only one equation for P = Ψ −Ψ. The equation is expanded with respect to the parameter Γ up to the linear order, and the results are given by the eqs. (43) and (46).
We also constructed the effective action for the scalar perturbations, and confirmed that the eqs. (43) and (46) can be reproduced from the effective action for P . Then we solved P up to the linear order of Γ, as shown in the eq. (73), and obtained the power spectrum of the curvature perturbation ψ. As an initial condition, we assumed that the power spectrum of the curvature perturbation was some constant. Then the power spectrum is plotted against the time evolution in the fig. 1 . The power spectrum is monotonically decreasing, but its tilt becomes mild after the inflationary era. We also plotted the power spectrum against the wave number in the fig. 2 . The figure shows that the scalar spectral index becomes n s = 0.94, if we fit the data for the wide range of the wave numbers. This is close to the value of current observation, and we should investigate more seriously the era after the inflation.
In the above analyses, we neglected the wave number l m of the internal space. So the next task is to include it and investigate the effect to the power spectrum. Of course, the tensor to scalar ratio should be evaluated in the above inflationary scenario. As a future work, it is interesting apply the method developed here to more complicated internal geometry, such as G 2 manifold [43] . It is also interesting to apply the analyses of this paper to the heterotic superstring theory with nontrivial internal space, which contains R 2 corrections [44] , and reveal several problems in string cosmology [45] .
A Supplementary Notes
The explicit form of U 11 in the eq. (72) is given by U 11 (kη) = √ πJ 0 (kη) 7350(13881 + 3029 √ 21)k 4 η 4 G 2,2 3,5 kη, 1
